We have performed first-principles calculations of the structural stability, superconductivity, and anharmonicity of phosphorus under high pressure. The simple hexagonal (sh) structure transforms into an experimentally observed cI16 structure via a body-centered cubic (bcc) structure. In the transition from an sh into bcc structure, the superconducting critical temperature Tc increases from 0.5 K to 12 K, which is the highest Tc in phosphorus. It decreases to 6 K in the transition into the cI16 phase. The pressure-dependence of Tc is related to that of the density of states at the Fermi level. In addition, we investigated anharmonicities in phosphorus under high pressure.
Introduction
Phosphorus takes on the A17 crystal structure (phase P-I) at ambient pressure and transforms to the A7 structure (P-II) at 4.5 GPa. Above 10 GPa, a simple cubic (sc) structure (P-III) emerges, in which superconductivity exists in the low-temperature range. The superconducting critical temperature Tc reaches a maximum value of 9.5 K at 32 GPa. The sc phase transforms into a simple hexagonal (sh) phase (P-V) via an incommensurately modulated phase (P-IV) [1, 2] . A further structural phase transition (P-VI) has been observed at 262 GPa [3] . Though the crystal structure of P-VI had previously been considered to be a body-centered cubic (bcc) lattice, Sugimoto et al. experimentally found, using synchrotron-radiation x-ray powder diffraction [4] , that instead it forms a distorted bcc structure (cI16). Conversely, first-principles calculations have predicted that the bcc structure first appears in the P-VI phase and then transforms under further compression into another distorted bcc structure (IM7) with an orthorhombic modulated superlattice [5] .
Both the experimental observations and the first-principles calculations ensure the emergence of a distorted bcc phase in phosphorus under high pressure, but consistent results have not yet been obtained. In the present study, we carefully investigated the stability of various crystal phases by comparing the enthalpies among the candidate structures. Based on the resulting sequence of structural phase transitions, we also calculated the superconducting Tc. In addition, we employed the stochastic self-consistent harmonic approximation to investigate the anharmonicity effects for phonons in phosphorus under high pressure.
Computational details
Structural parameters for the sc lattice, the incommensurately modulated phase IV, and the sh, bcc, cI16, IM7, and hcp lattices at each pressure were obtained by constant-pressure, variable-cell structural optimization based on the Parrinello-Rahman method [6] . For phase IV, we used an approximate structure with a commensurate periodicity of γ = 0.250. The k-space integration over the Brillouin zone was performed using a 16 × 16 × 16 Monkhorst-Pack grid [7] for sc, sh, bcc, and hcp, a 16 × 16 × 4 grid for IV, a 24 × 24 × 12 grid for IM7, and an 8× 8 × 8 grid for cI16. The cut-off kinetic energy for wave functions was set at 30 Ry. These k-point grids and cut-off energies were chosen to ensure convergence to lower than 0.1 mRy per atom for the total energy. The calculations were performed by the use of the Quantum ESPRESSO (QE) code [8] . We used the exchange-correlation energy functional of Perdew-Burke-Ernzerhof [9] in the generalized gradient approximation and employed the Vanderbilt ultrasoft pseudopotential [10] . We calculated the superconducting Tc using of the Allen-Dynes formula [11] and utilizing the effective screened Coulomb repulsion constant μ * = 0.1. We calculated the phonon frequencies by means of density-functional perturbation theory [12, 13] on an 8 × 8 × 8 q-point grid for sc, sh, bcc, and hcp, an 8 × 8 × 2 q-point grid for IV, and a 4 × 4 × 4 q-point grid for cI16 using the QE code. The electron-phonon matrix element was calculated using a 32 × 32 × 32 grid for sc, sh, bcc, cI16, and hcp and a 32 × 32 × 8 grid for IV. These grids ensure convergence of the k-point sampling with a Gaussian width of 20 mRy, which approximates the zero-line-width limits with respect to double-delta functions. To investigate anharmonic phonon effects in the sc structure, we implemented the stochastic self-consistent harmonic approximation (SSCHA) proposed by Errea et al. [14] , within the QE code and used a 2 × 2 × 2 supercell containing 8 atoms .
Results and Discussion

Sequence of the structural phase transitions
We first investigated the stability of different crystal structures under high pressure. Figure 1 shows the enthalpies of seven phases (sc, IV, sh, bcc, cI16, IM7, and hcp) with the pressure ranging from 50 to 350 GPa. The zero-point energies were not included in the calculations. The calculated stable pressure range of the IV phase, 120-136 GPa, shows a slight discrepancy with respect to that experimentally observed (107-137 GPa) owing to the commensurate approximation used in our calculations. We found that the sh structure transforms into a bcc lattice at 262 GPa and then into the experimentally observed cI16 structure at 286 GPa. The earlier-predicted IM7 structure is not stable in any pressure range up to at least 350 GPa. Sugimoto et al. reported that the sh phase coexists with the cI16 phase over a wide pressure range from 262 to 322 GPa at room temperature [4] . This suggests that it may be possible to experimentally detect the bcc phase predicted by our calculations by careful investigations in the 262-286 GPa pressure range at low temperatures. The hcp structure emerges as the most stable structure above 336 GPa. . The sc phase undergoes structural transition to the IV phase at 120 GPa and to the sh phase at 136 GPa. The bcc phase emerges at 262 GPa. It transforms to the cI16 phase at 286 GPa and to the hcp phase at 336 GPa. The IM7 structure has no stable pressure range up to 350 GPa.
Superconducting properties
Based on the phase diagram obtained above, we investigated the superconducting critical temperature of phosphorus under high pressure. The calculated superconducting transition temperature and the experimentally observed data [15] are shown in Fig. 2 . We eliminated the Tc data at pressures where the phonon modes have imaginary frequencies, i.e., the Tc data at 10 GPa in the sc phase and at 270 and 280 GPa in bcc. The calculated Tc values are in good agreement with the experimental values over the range 30-100 GPa, indicating that the calculation results above 100 GPa are also reliable. Figure 2 shows that Tc decreases from 6 to 3 K in the transformation from sc to IV, increases to 7 K in the transformation to sh, and gradually decreases again to almost 0 K with further pressurization. Through the phase transition from sh to bcc at 260 GPa, Tc increases greatly to 12 K. This value exceeds the experimentally observed value for the sc phase and sets the record for the highest Tc yet obtained for phosphorus. The superconducting Tc decreases to 6 K in the transition to the cI16 phase and again increases to 8 K in the transition to the hcp phase.
We also investigated changes in the density of states (DOS) at the Fermi level N (EF) during pressurization, which are represented as open triangles in Fig. 2 . Here, N (EF) was normalized to the unit per atom. The normalized N (EF) and Tc show similar pressure dependences above 120 GPa, indicating that the change in N (EF) is closely related to that of Tc. In the modulated structure of the IV phase, the electronic states escape from the Fermi level, and N (EF) decreases. The details have been discussed in previous studies [16, 17, 18] . The mechanism of the decrease in N (EF) in the IV phase also applies to the cI16 phase. The distorted bcc structure of the cI16 phase creates a pseudogap at the Fermi level. As a result, the cI16 phase has a lower N (EF) as compared to either the bcc or hcp phases.
Within the harmonic approximation, the calculation results show that the sc phase has imaginary phonon frequencies at 10 GPa; this means that the sc structure is mechanically unstable. However, the sc structure is experimentally observed in the pressure range from 10-107 GPa. Anharmonic effects may provide a way to solve this discrepancy between the theoretical and experimental results. We implemented SSCHA in the QE code and calculated the anharmonic phonon frequencies for the sc structure. The results are shown in Fig. 3 . The imaginary phonon frequency at point R, observed within the harmonic approximation, disappears in SSCHA; hence, the sc phase is mechanically stable. 
Conclusion
In this study, we investigated the stable structures of phosphorus under high pressures, as given in the first-principles calculations. Our results demonstrate that the experimentally observed cI16 structure is stable from 286 to 336 GPa and that the theoretically predicted IM7 structure is unstable up to at least 350 GPa.
Based on the phase diagram we obtained, we also calculated the pressure-dependence of the superconducting Tc. In the structural transition from sh to bcc at 260 GPa, Tc increases greatly from almost 0 K to 12 K, which is the highest value of Tc yet obtained for phosphorus. The superconducting critical temperature decreases in the transformation from bcc to cI16 and increases again in the transformation to hcp. The pressure-dependence of Tc was found to be closely related to that of the DOS at the Fermi level N (EF).
